ABSTRACT. This paper constructs model structures on the categories of coalgebras and pointed irreducible coalgebras over an operad. The underlying chain-complex is assumed to be unbounded and the results for bounded coalgebras over an operad are derived from the unbounded case.
INTRODUCTION
Although the literature contains several papers on homotopy theories for algebras over operads -see [10] , [12] , and [14] -it is more sparse when one pursues similar results for coalgebras. In [16] , Quillen developed a model structure on the category of 2-connected cocommutative coalgebras over the rational numbers. V. Hinich extended this in [9] to coalgebras whose underlying chain-complexes were unbounded (i.e., extended into negative dimensions). Expanding on Hinich's methods, K. Lefèvre derived a model structure on the category of A ∞ -coalgebras and coassociative coalgebras -see [11] . In general, these authors use indirect methods, relating of coalgebra categories to other categories with known model structures. Our paper finds model structures for coalgebras over any operad fulfilling a basic requirement (condition 2.15). Since operads uniformly encode many diverse coalgebra structures (coassociative-, Lie-, Gerstenhaber-coalgebras, etc.), our results have wide applicability.
Several unique problems arise that require special techniques. For instance, constructing injective resolutions of coalgebras naturally leads into infinitely many negative dimensions. The resulting model structure -and even that on the underlying chain-complexes -fails to be cofibrantly generated (see [3] ).
We develop the general theory for unbounded coalgebras, and derive the bounded results by applying a truncation functor.
In § 2, we define operads and coalgebras over operads. We also give a basic condition (see 2.15) on the operad under consideration that we assume to hold throughout the paper. This condition is similar to that of admissibility of Berger and Moerdijk in [1] . Every operad is weakly equivalent to one that satisfies this condition.
In § 3, we briefly recall the notion of model structure on a category and define model structures on two categories of coalgebras over operads. We then verify that they satisfy Quillen's axioms of a model structure (see [15] or [6] ).
A key step in developing a model structure for a category is to prove the existence of cofibrant and fibrant replacements for objects. In our model structure, all coalgebras are cofibrant (solving this half of the problem) and the hard part of is to find fibrant replacements for coalgebras. We develop resolutions of coalgebras by cofree coalgebras that solves the problem. This construction naturally leads into infinitely many negative dimensions (see lemma 3.22 and corollary 3.24) and was the motivation for assuming the underlying chain-complexes were unbounded.
Fibrant coalgebras are characterized as retracts of layered coalgebras (see definition 3.26 and corollary 3.28) -a kind of dual of the cellular algebras that appear in homotopy theories of algebras.
In § 4, we develop a model structure on the category of pointed irreducible coalgebras whose underlying chain-complex is bounded. This is the case the author intends to apply to topological problems. With the exception of constructing fibrant replacements, this theory could be developed exactly like the unbounded theories. Finding fibrant replacements for bounded coalgebras involves:
(1) regarding them as unbounded (2) finding fibrant replacements for them using the theory developed for the unbounded case (3) truncating this to get a bounded fibrant replacement.
There are three appendices that develop technical results used elsewhere.
NOTATION AND CONVENTIONS
Throughout this paper, R will denote a commutative ring with unit. We will denote the closed symmetric monoidal category of (not necessarily free) R-chain-complexes with R-tensor products by Ch(R). These chain-complexes are allowed to extend into arbitrarily many negative dimensions. If C ∈ Ch(R), we define powers of C by:
Definition 2.1. The object I ∈ Ch(R), the unit interval, is defined by
where p 0 , p 1 , q are just names for the canonical generators of I, and the one nonzero boundary map is defined by q → p 1 − p 0 . 2
We also define, for any object A ∈ Ch(R), the cone on A, denotedĀ and equal to A ⊗ I/A⊗R· p 1 . There are canonical morphisms A →Ā andĀ → ΣA, where Σ: Ch(R) → Ch(R) is the functor that raises the grading by 1.
Two morphisms
f 0 , f 1 :C → D in Ch(R), are defined to be chain-homotopic if there exists a morphism
This is well-known to be equivalent to the existence of a degree +1 map Φ:
We make extensive use of the Koszul Convention (see [7] ) regarding signs in homological calculations:
Remark 2.3. If f i , g i are maps, it isn't hard to verify that the Koszul convention implies that (
Now we define operads. For a discrete group G, Ch(R) G denotes the category of chaincomplexes with G-action. It is again closed and symmetric monoidal with a forgetful functor
that preserves this structure and has a left adjoint ( * ) [G] . In particular, these statements apply to the case where G = S n , the symmetric groups. Define the category of collections of Ch(R) via
Ch(R)
S n where we follow the convention that S 0 = S 1 = {1}, the trivial group. Each collection P induces an endofunctor
Definition 2.4. An operad is an object V ∈ Coll(Ch(R)) such that the associated endofunctor V : Ch(R) → Ch(R) defines a monad in Ch(R). In other words, it is equipped with transformations µ: V V → V and η: 1 Ch(R) → V that make the diagrams
commute. The natural transformation µ is called the structure map of V and η is called its
unit. 3
Remark 2.5. For longer but less abstract definitions, see [17] or chapter 1 in parts I and II of [14] . The operads we consider here correspond to unitary, symmetric operads in [17] . For the purposes of this paper, the canonical example of an operad is Definition 2.6. Given any C ∈ Ch(R), the associated coendomorphism operad, CoEnd(C) is defined to have components {Hom R (C,C n )} with structure map induced by composition of homomorphisms. Here, S n acts on Hom R (C,C n ) by permuting factors of C n . Given C ∈ Ch(R) with subcomplexes {D 1 , . . . , D k }, the relative coendomorphism operad CoEnd(C; {D i }) is defined to be the sub-operad of CoEnd(C) consisting of maps
Other examples of operads include:
Example 2.7. The operad S 0 whose components are {ZS n }, the symmetric groups, with compositions defined by set-insertion (i.e., regard the S n as finite sets and replace an element of a set by another entire set). Coalgebras over this operad are just coassociative coalgebras. This operad is also called Coassoc or Ass by some authors.
The Steenrod operad S = {C(K(S n , 1))} whose components are bar resolutions of symmetric groups. See [18] for a description of its composition-operations.
We use the coendomorphism operad to define the main object of this paper: Definition 2.8. A coalgebra over an operad V is a chain-complex C ∈ Ch(R) with an operad morphismV → CoEnd(C).
We will sometimes want to focus on a particular class of V -coalgebras: the pointed, irreducible coalgebras. We define this concept in a way that extends the conventional definition in [21] : Definition 2.9. Given a coalgebra over an operad V with adjoint structure map a n :C → Hom RS n (V n ,C n )
an element c ∈ C is called group-like if a n (c) = f n (c n ) for all n > 0. Here c n ∈ C n is the n-fold R-tensor product,
and ε n : V n → R is the augmentation (which exists by ). A coalgebra C over an operad V is called pointed if it has a unique group-like element (denoted 1), and pointed irreducible if the intersection of any two sub-coalgebras contains this unique group-like element.
Remark 2.10. Note that a group-like element generates a sub V -coalgebra of C and must lie in dimension 0. Although this definition seems contrived, it arises in "nature": The chain-complex of a pointed, simply-connected reduced simplicial set is naturally a pointed irreducible coalgebra over the Steenrod operad S = {C(K(S n , 1))} (see [18] ). In this case, the operad action encodes the effect on the chain level of Steenrod operations. 
is of the form
Proof. The definition (2.9) of the sub-coalgebra R · 1 ⊆ D i is stated in an invariant way, so that any coalgebra morphism must preserve it. Any morphism must also preserve augmentations because the augmentation is the 0 th -order structure map. Consequently, f must map ker ε D 1 to ker ε D 2 . The conclusion follows.
Definition 2.12. We denote the category of coalgebras over V by S 0 . The terminal object in this category is 0, the null coalgebra.
The category of pointed irreducible coalgebras over V is denoted I 0 . Its terminal object is the coalgebra whose underlying chain complex is R concentrated in dimension 0.
We also need:
where • denotes the terminal object in C -see definition 2.12. We will call ⌈ * ⌉ the forgetful functor from C to Ch(R).
We will use the concept of cofree coalgebra cogenerated by a chain complex:
Definition 2.14. Let C ∈ Ch(R) and let V be an operad. Then a V -coalgebra G will be called the cofree coalgebra cogenerated by C if This universal property of cofree coalgebras implies that they are unique up to isomorphism if they exist. The paper [17] gives a constructive proof of their existence in great generality (under the unnecessary assumption that chain-complexes are R-free). In particular, this paper defines cofree coalgebras L V C and pointed irreducible cofree coalgebras P V C cogenerated by a chain-complex C.
Condition 2.15. Throughout the rest of this paper, we assume that V is an operad equipped with a morphism of operads
commute. Here, the operad structure on V ⊗ CoEnd(I; {R · p 0 , R · p 1 }) is just the tensor product of the operad structures of V and CoEnd(I;
Either of the following conditions imply it:
(1) V is equipped with a morphism of operads V → V ⊗ S or V → V ⊗ S 0 -see example 2.7. This is because I has a (geometrically defined) canonical Scoalgebra structure that extends the trivial S-coalgebra structures on {p i } -see [18] . It also restricts to a S 0 -coalgebra structure.
Since S has a coproduct S → S ⊗ S that is an operad-morphism (see [18] ), V = S satisfies our condition. (2) V is cofibrant in the sense of [13] , since cofibrancy implies that the identity map of V lifts to a morphism V → V ⊗ S. The existence of cofibrant replacements implies that every operad is weakly equivalent to one that satisfies 2.15. This is similar to the conditions satisfied by admissible operads in [1] .
MODEL STRUCTURES
We recall the definition of a model structure on a category G . This involves defining specialized classes of morphisms called cofibrations, fibrations, and weak equivalences (see [15] and [6] ). The category and these classes of morphisms must satisfy the following conditions: CM 1: G is closed under all finite limits and colimits CM 2: Suppose the following diagram commutes in G :
If any two of f , g, h are weak equivalences, so is the third. CM 3: If f is a retract of g and g is a weak equivalence, fibration, or cofibration, then so is f . CM 4: Suppose that we are given a commutative solid arrow diagram
where i is a cofibration and p is a fibration. Then the dotted arrow exists making the diagram commute if either i or p is a weak equivalence.
CM 5: Any morphism f : X → Y in G may be factored:
where p is a fibration and i is a trivial cofibration (2) f = q • j, where q is a trivial fibration and j is a cofibration We also assume that these factorizations are functorial -see [5] . 6 Definition 3.1. An object, X, for which the map • → X is a cofibration, is called cofibrant. An object, Y , for which the map Y → • is a fibration, is called fibrant.
Example 3.2.
The category, Ch(R), of unbounded chain complexes over the ring R has a model structure in which:
(1) Weak equivalences are chain-homotopy equivalences.
(2) Fibrations are degreewise split epimorphisms of chain-complexes (3) Cofibrations are degreewise split monomorphisms of chain-complexes.
Remark 3.3. This is the "absolute model structure" described in § 3 of [3] -defined for chain complexes over the abelian category mod-R. In it, all chain complexes are fibrant and cofibrant. Whenever we refer to the model structure of Ch(R) in this paper, we will always mean the one in 3.2. It is not equivalent to the model structures on Ch(R) considered in [19] or [8] . Homology equivalences are not necessarily weak equivalences. For instance
We must allow non-R-free chain complexes because the underlying chain complexes of the cofree coalgebras P V ( * ) and L V ( * ) are not known to be R-free. They certainly are if R is a field, but if R = Z their underlying abelian groups are subgroups of the Baer-Specker group, Z ℵ 0 , which is well-known not to be a free abelian group (see [20] , [2] or the survey Definition 3.6 explicitly described cofibrations and definition 3.8 defined fibrations in terms of them. We will verify the axioms for a model category (essentially CM 5) and characterize fibrations.
In a few simple cases, describing fibrations is easy:
be a fibration in Ch(R). Then the induced morphisms
are fibrations in I 0 and S 0 , respectively.
Proof. Consider the diagram
where U → V is a trivial cofibration -i.e., ⌈U⌉ → ⌈V ⌉ is a trivial cofibration of chaincomplexes. Then the dotted map exists by the the defining property of cofree coalgebras and by the existence of the lifting map in the diagram 
, are left-homotopic in I 0 and S 0 , respectively. 8
Proof. We will prove this in the pointed irreducible case. The general case follows by a similar argument. The chain-homotopy between the f i defines a chain-map
using the universal property of a cofree coalgebra and the fact that the coalgebra structure of (P V C) ⊗ I extends that of P V C on both ends by condition 2.15. Clearly
is the required left-homotopy.
This result implies a homotopy invariance property of the categorical product, A 0 ⊠ A 1 , defined explicitly in definition A.5 of appendix A. 
are chain-homotopic via a homotopy that is a morphism in C . In particular, if f : A → B is a weak equivalence, then so is
Remark 3.13. The ⊠-product is symmetric so the corresponding result clearly holds if f and g are maps of the second operand rather than the first. A simple argument based on respective universal properties shows that
Proof. We will prove this in the pointed irreducible case. The other case is analogous. The proof of proposition 3.11 constructs a homotopy
that is a morphism in I 0 , i.e., preserves coproducts. The universal property of categorical products implies the existence of a (unique) coalgebra morphism Proof. Since this is the categorical product in the category of chain complexes, it follows that for any chain complex C and pair of chain-maps
there exists a unique induced chain-map
We define p(A 0 , A 1 ) to be the chain-map induced by the projections
It is not hard to see that it is a left-inverse to the inclusion
denotes the categorical fibered product in Ch(R). This is the pullback
In like fashion, we can define categorical fibered products of coalgebras, A ⊠ C B. See definition A.7 in appendix A for details. Proof. The first statement follows from the fact that ⌈A⌉ ⊕ ⌈C⌉ ⌈B⌉ is the natural categorical fibered product in the category of chain-complexes. Given any chain complex Z,
induces a unique chain-map f 1 ⊕ f 2 : Z → ⌈A⌉ ⊕ ⌈C⌉ ⌈B⌉. As in lemma 3.14, we set Z = ⌈A ⊠ C B⌉ and
to the forgetful functor applied to the canonical projections
The uniqueness of chain-maps to ⌈A⌉ ⊕ ⌈C⌉ ⌈B⌉ implies that the composite of f 1 ⊕ f 2 with the inclusion ⌈A⌉ ⊕ ⌈C⌉ ⌈B⌉ ֒→ A ⊠ C B must be the identity map. The commutativity of diagram 3.1 follows from the naturality of all of the maps in question. 
Then f factors as A → Z → B where (1) ⌈A⌉ is the cone on ⌈A⌉ (see definition 2.1) with the canonical inclusion i: ⌈A⌉ → ⌈A⌉ (2) the morphism i ⊠ f : A → Z is a cofibration (3) the morphism Z → B is projection to the second factor and is a fibration. Consequently, f factors as a cofibration followed by a trivial fibration.
Proof. We focus on the pointed irreducible case. The general case follows by essentially the same argument. The existence of the (injective) morphism A → P V ⌈A⌉ ⊠ B follows from the definition of ⊠. We claim that its image is a direct summand of P V ⌈A⌉ ⊠ B as a graded R-module (which implies that i ⊠ f is a cofibration). We clearly get a projection
and the composite of this with the augmentation ⌈P V ⌈A⌉⌉ → ⌈A⌉ gives rise a a morphism of chain-complexes 
Remark 3.23. Since p/1 factors through a contractible chain-complex (W ), it must induce the 0-map in homology.
Proof. We will prove the result in the pointed, irreducible case: the general case is very similar. The map f ′ is just the map f ⊠ι•ε: A → B⊠ P V C P V Σ −1C , where ε: A → R is the augmentation and ι: R → P V Σ −1C is the natural inclusion. The diagram given clearly commutes.
We claim that the diagram of chain-complexes 
-see lemma 3.14. 13
If we form the quotient by the image of A we get the commutative diagram:
We claim that the diagram of chain-complexes
commutes as well, and:
(1) The inclusion v:C → ⌈P V C⌉ is split by the augmentation c: 
is a pullback of a fibration over P V C so is a fibration by lemma 3.18. 
, where f 0 = r ⊠ ℓ: A → V 0 and
is the classifying map, 14
i is an desuspended cone, equipped with a surjection
is a trivial cofibration and there exists a fibration
In the case where B is the terminal object, this construction defines a functor F: C → C , the fibrant replacement functor.
Remark 3.25. Note that this is just condition CM5, statement 1 in the definition of a model category at the beginning of this section. It, therefore, proves that the model structure described in 3.6 and 3.8 is well-defined.
Proof. We will focus on the pointed irreducible case. The other case is entirely analogous. The maps f i : A → V i are defined using recursive applications of lemma 3.22. The maps p i : ⌈V i ⌉ → ⌈A⌉are composites of iterated projections to the first factor
-all of which are coalgebra morphisms except for the rightmost, which is the augmentation. The maps {v i } are composites
which are all coalgebra morphisms. They are also fibrations, by lemma 3.22 so their composite is also a fibration. The existence of the {p i } implies that the
are all cofibrations, since the {p i } split them as chain-complex morphisms -see definition 3.6.
It remains to prove that
is a weak equivalence. We use the fact that p ∞ • ⌈ f ∞ ⌉ = 1: ⌈A⌉ → ⌈A⌉, which implies that it suffices to show that lim
is contractible. We pass to the category Ch(R) and use the fact that each of the projections
factors through a contractible chain-complex (see lemma 3.22), namely ⌈P V Σ −1C n ⌉. We consequently get a refinement of our inverse system
in which all of the maps are fibrations in Ch(R). Both the subsystem
and our original inverse system are cofinal in this refinement and, therefore, have the same inverse limit. The conclusion follows from lemma B.1 in appendix B, which implies that this inverse limit is contractible. Definition 3.26. Let X ∈ C = I 0 or S 0 . An object, Y , of I 0 or S 0 that is an iterated fibered product of cofree coalgebras with X over cofree coalgebras will be called layered and X will be called the core of the layered object.
Remark 3.27. Since X is a factor of Y there exists a canonical map Y → X. Layered objects are dual to the cellular objects used in the homotopy theory of algebras over an operad.
We can characterize fibrations now: 
THE BOUNDED CASE
In this section, we develop a model structure on a category of coalgebras whose underlying chain-complexes are bounded from below.
We make essential use of the material in appendix C, which requires coalgebras to be pointed irreducible (so that their structure maps are guaranteed to be injective). We consequently assume pointed irreducibility throughout this section. The model structure of Ch + (R) is that given by Quillen in [15] . It is like the one we gave earlier for Ch(R) except that the distinction between a homology equivalence and a chain-homotopy equivalence vanishes.
There is clearly an inclusion of categories ι:
compatible with model structures. 16
where
It is not hard to see that: We will extend this to a truncation functor of coalgebras: 
Note that ⌈ f ⌉(⌈ιA⌉) ⊆ ⌈t(B)⌉ because f (ιA) is a sub-coalgebra of B and t(B) is the maximal sub-coalgebra contained in t(⌈B⌉). We get
Since ιt(B) ⊆ B, we can defineḡ
= g|⌈ιt(B)⌉: ⌈ιt(B)⌉ → ⌈ιA⌉
We would like to define a chain-homotopy ϕ ′ : t(B) → t(B) such that
To this end, we claim that
is a chain map that retracts ⌈B⌉ onto its sub-chain-complex t(⌈B⌉) (i.e., the restriction of q to t(⌈B⌉) is the identity). To see this note that 
We can use cofree coalgebras to explicitly construct the categorical product in I 0 or S 0 : Definition A.5. Let A i , i = 0, 1 be objects of C = S 0 or I 0 . Then
induced by the canonical maps ⌈A 0 ⌉⊕ ⌈A 1 ⌉ → ⌈A i ⌉. The im A i are images under the canonical morphisms
Remark A.6. By identifying the A i with their canonical images in Z, we get canonical projections to the factors
In like fashion, we can define categorical fibered products of coalgebras: 
Proof. We prove this in the pointed irreducible case. The other case follows by an analogous argument.
The universal properties of cofree coalgebras imply that
On the other hand, the composite
where the rightmost map is the augmentation, has composites with f and g that are equal to each other -so it lies in Z ⊆ U ⊕ V . This induces a unique coalgebra morphism Suppose φ k :C k → C k is the contracting homotopy for k ≥ 0. Then we can use the splitting map s n−1 :C n−1 → C n to define a map
This clearly maps to φ n−1 under p n . It is also a contracting homotopy because 21
(1) the maps {s n−1 , p n } are chain-maps, and
where ∂ denotes the differentials on C n and C n−1 . It follows that -working our way up from φ 1 -we can inductively modify the contracting homotopies in diagram B.1, replacing them by homotopies compatible with the fibrations.
The result induces a contracting homotopy on the inverse limit. Remark C.3. The mapρ is almost never a coalgebra morphism.
Proof. We make heavy use of the notation in C. The statement about c(M) ⊆ ⌈C⌉ being a cofibration if M ⊆ ⌈C⌉ is a direct summand as a graded R-module follows by the same argument, except that we do not assume that the splitting maps {ρ i } are chain-maps. In this case we get a splitting mapρ: ⌈C⌉ → ⌈c(M)⌉ that is a morphism of graded R-modules so that c(M) is a pure subcomplex of ⌈C⌉ and a sub-coalgebra.
